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Abstract

In succession of the paper I wrote last year, here we give some troubles in teaching and their solutions

occured during the Software Science Experiment II course, which is opened for the 5th semester in the

Department of Software Science. One of the subjects of the experiment course is understanding the

fundamentals of PCM (Pulse Code Modulation). They deal with the sampling theorem and bandwidth

of communications. Some students are still not familiar with Fourier analysis while the explanation

of the sampling theorem is done at the frequency region. Typical mistakes and their settlements are

given.
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1) f1 f(t) = A cos 2πf1t

2) T (1)

(1)

am, bm

f(t) =

{
1, |t| ≤ τ/2,

0, T/2 > |t| > τ/2.
(1)

1) s(t)

cm =
1

T

∫ T/2

−T/2
f(t) · exp [−2πimf1t] dt

Memoirs of The College of Engineering, Tamagawa University, No.52 (2017) 1



=
1

T

∫ T/2

−T/2
A cos 2πf1t · exp [−2πimf1t] dt

=
A

T

∫ T/2

−T/2
cos 2πf1t {cos[2πmf1t]

−i sin[2πmf1t]}dt

=
A

T

∫ T/2

−T/2
cos[2πf1t] cos[2πmf1t]dt

−i
A

T

∫ T/2

−T/2
cos[2πf1t] sin[2πmf1t]dt.

m

m = ±1

c±1 =
A

T

∫ T/2

−T/2
cos[2πf1t] cos[2πf1t]dt

=
A

T

∫ T/2

−T/2
cos[2 · 2πf1t] + cos[0]

2
dt

=
A

2T

∫ T/2

−T/2
cos[4πf1t]dt+

A

2T

∫ T/2

−T/2
1 · dt

=
A

2T

[
1

4πf1
sin[4πf1t]

]T/2
−T/2

+
A

2T
[t]

T/2
−T/2

=
A

2T
· 1

4πf1

{
sin

[
4πf1

T

2

]
− sin

[
4πf1

−T

2

]}

+
A

2T

{
T

2
− −T

2

}

=
A

8πTf1
{sin[2πTf1] + sin[2πTf1]}+ A

2T
· T.

f1 = 1/T sin 2π = 0

c±1 =
A

2
. (2)

f(t) =
A

2
exp[2πi(−f1)t] +

A

2
exp[2πif1t]. (3)

1

3

2

F(f)

f
-f
1

f
1

0

A/2

1: A cos 2πf1t

2) PCM

I (1)

4

2 2

f(t)

t
T/2-T/2 -τ/2 τ/2

0

1

2:

am =
2

T

∫ T/2

−T/2
f(t) · cos[2π(mf1)t]dt

=
2

T

∫ −τ/2

−T/2
0 · cos[2π(mf1)t]dt

+
2

T

∫ τ/2

−τ/2
1 · cos[2π(mf1)t]dt

+
2

T

∫ T/2

τ/2
0 · cos[2π(mf1)t]dt

=
2

T

∫ τ/2

−τ/2
cos[2π(mf1)t]dt

=
2

T

[
1

2π(mf1)
sin[2π(mf1)t]

]τ/2
−τ/2
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=
2

T · 2π(mf1)

{
sin

[
2π(mf1)

τ

2

]
− sin

[
2π(mf1) · −τ

2

]}
=

1

πmTf1
{sin [πmf1τ ] + sin [πmf1τ ]}

=
2 sin[πmf1τ ]

πmTf1
.

f1 = 1/T

am =
2 sin[πm(τ/T )]

πm
. (4)

a0 = 2τ/T

bm

bm =
2

T

∫ T/2

−T/2
f(t) · sin[2π(mf1)t]dt

=
2

T

∫ −τ/2

−T/2
0 · sin[2π(mf1)t]dt

+
2

T

∫ τ/2

−τ/2
1 · sin[2π(mf1)t]dt

+
2

T

∫ T/2

τ/2
0 · sin[2π(mf1)t]dt

=
2

T

∫ τ/2

−τ/2
sin[2π(mf1)t]dt

= 0. (5)

sinx

am =
2 sin[πm(τ/T )]

πm
, bm = 0. (6)

bm

3 sinx cosx

3

f1[Hz]

1
2f1

[s]

s(t) f1[Hz]

2 fs[Hz]

s(t)

3

fs
a
m

(t
)

t

3: fsam(t)

3.1

δ(t)

t = 0

1 t = 0

0 Ts

δTs(t)

δTs(t) =

∞∑
n=−∞

δ(t− nTs). (7)

I

δTs(t)

4

δ  (t)

t
T-2T 0-T 2T

Ts

s s s s

4: δTs(t)

s(t) δTs(t)

fsam(t)

fsam(t) = s(t) · δTs(t). (8)
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3

3.2

fsam(t)

Fsam(f)

s(t) S(f)

δTs(t)
2π
Ts

· δfs(f)

fsam(t) ⇒ Fsam(f) =
1

2π

[
S(f) ∗ 2π

Ts
δfs(f)

]

=
1

Ts
[S(f) ∗ δfs(f)] . (9)

∗
F1(f) F2(f)

F1(f) ∗ F2(f) =

∫ ∞

−∞
F1(f − ξ) · F2(ξ)dξ. (10)

δfs(f)

δfs(f) =

∞∑
n=−∞

δ(f − nfs). (11)

fs =
1
Ts

II

δfs(f)

I

5

t 1

δ  (f)

f
f−2f 0−f 2f

s s s s

f
s

5: δfs(f)

III

s(t) = A cos 2πf1t

fs > 2f1 (9)

Fsam(f)

s(t) S(f) 2

1

δfs(f) 5

S(f) F1(f − ξ)

f ξ

f

1) f(x) = ax + b a, b > 0

6

f (x)

x
0

b
1

a

6: f(x) = ax+ b a, b > 0

2) f(−x) a > 0

x f(−x)

y

7

3) f(c − x) = f{−(x − c)}
c > 0 f(c−x) = b

c− x = 0 x = c

x

c 8

4) f(x) f(c− x)

y

c
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f (−x)

x
0

b 1

a

7: f(−x) a, b > 0

f (c-x)

x
0

b

c

8: f(c− x) c > 0

S(f)

S(f − ξ) ξ 9

0

S(f - ξ)

ξ

-f
1

A/2Ts

f
1

S(-ξ)

f

9: S(f − ξ)

δfs(ξ)

f

Fsam(f) 10

IV

III Fsam(f)

f1

f1

fs = 2f1 fs < 2f1

0

F  (f)

f

-f
1

f
1

A/2Ts

sam

f
s

-f
s

-2f
s

3f
s

2f
s

f
s

-f
1

f
s
+f
1

0

δ (ξ)

ξ

 f

f
s

-f
s

-2f
s

3f
s

2f
s

0

S(f - ξ)

ξ

-f
1

A/2Ts

f
1

S(-ξ)

f

s

10: S(f − ξ), δfs(ξ), Fsam(f)

Fsam(f)

11, 12, 13

11 f1 fs − f1 fs/2

12 fs/2

13 fs < 2f1

f1 fs − f1 f1

fs − f1

FFT

4kHz f1

4 PCM

AM FM

f1

BWAM = 2f1, BWFM =
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0

F  (f)

f

-f
1

f
1

sam

f
s

f
s

-f
1

f
s
+f
1

11: f1 Fsam(f)

0

F  (f)

f

-f
1

f
1

sam

f
s

f
s

-f
1

f
s
+f
1

12: fs = 2f1 Fsam(f)

0

F  (f)

f

f
1

sam

f
s

f
s

-f
1

2f
s
-f
1

-f
s
+f
1

13: fs < 2f1 Fsam(f)

2(mf + 1)f1

mf FM

PCM

PCM

4.1 PCM

T

8bit τ τ = T/8

00000001

2 (6) τ = T/8

f0 = 1/T PCM

f0 = fs

00010001 T ′ = T/2

f ′0 = 1/T ′ = 2f0

τ/T ′ = 1/4 00000011 4bit

0001 τ ′ = T/4

f0

VI

8bit

00001111 01010101

τ T

1

am

• 00000001 τ/T = 1/8

am =
2 sin(πm/8)

πm
(12)

• 00000011 τ ′ = 2τ τ ′/T = 1/4

a′m =
2 sin(πm/4)

πm
(13)

T ′ = T/2 τ/T ′ = 1/4

(00010001)

• 00001111 τ ′′ = 4τ τ ′′/T = 1/2

a′′m =
2 sin(πm/2)

πm
(14)

T ′′ = T/4 τ/T ′′ = 1/2

(01010101) τ ′ = 2τ, T ′ = T/2

(00110011)
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4 8

(0001)4 ↔ (00000011)8 (15)

(0011)4 ↔ (00001111)8 (16)

(0101)4 ↔ (00110011)8 (17)

1

1:

m 0 1 2 3

am
1
4

2 sin[π/8]
π

2 sin[π/4]
2π

2 sin[3π/8]
3π

a′m
1
2

2 sin[π/4]
π

2 sin[π/2]
2π

2 sin[3π/4]
3π

a′′m 1 2 sin[π/2]
π 0 2 sin[3π/2]

3π

4 5 6 7
2 sin[π/2]

4π
2 sin[5π/8]

5π
2 sin[3π/4]

6π
2 sin[7π/8]

7π

0 2 sin[5π/4]
5π

2 sin[3π/2]
6π

2 sin[7π/4]
7π

0 2 sin[5π/2]
5π 0 2 sin[7π/2]

7π

8 9 · · ·
0 2 sin[9π/8]

9π · · ·
0 2 sin[9π/4]

9π · · ·
0 2 sin[9π/2]

9π · · ·

(6)

FFT

f0 PCM

fs =8[kHz]

f0 = 8[kHz] 1

(000000001), (00000011), (00001111)

14 16

2 f ′0 = 16[kHz]

1 (00010001), (00110011)

17 18

0 8 16 24 32 40 48 56 64 72

0.2

0.

0.2

0.4

0.6

[kHz]

am

14: (00000001)

0 8 16 24 32 40 48 56 64 72

0.2

0.

0.2

0.4

0.6

[kHz]

am

15: (00000011)

0 8 16 24 32 40 48 56 64 72

0.2

0.

0.2

0.4

0.6

[kHz]

am

16: (00001111)

4 f ′′0 =

32[kHz] (01010101)

19

00000001 m = 8

am = 0 64kHz

00000011 m = 4

a′m = 0 32kHz

00001111 m = 2

a′′m = 0 16kHz

8 2

00010001 64kHz 00110011

32kHz 8

4 01010101

64kHz
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0 8 16 24 32 40 48 56 64 72

0.2

0.

0.2

0.4

0.6

[kHz]

am

17: (00010001)

0 8 16 24 32 40 48 56 64 72

0.2

0.

0.2

0.4

0.6

[kHz]

am

18: (001110011)

ASK

2

FFT

FFT

3

1

0 8 16 24 32 40 48 56 64 72

0.2

0.

0.2

0.4

0.6

[kHz]

am

19: (01010101)

4.2

f1 AM

FM BWAM =

2f1, BWFM = 2(mf + 1)f1

PCM

fs = 2f1 n

BWPCM = 2 · 2f1 · n
n = 8

AM 16 FM 4 mf = 4

PCM

5

II

PCM
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