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Abstract

In this paper, initial value problems of fractional differential equations are discussed. We
obtain the existence and uniqueness of solutions for the problems. Two proofs are given. In
the first proof, we don’t use any fixed point theorems. In the second proof, we use the fixed
point theorem for contraction mappings.

Keywords: Initial value problems, fractional differential equations, fixed point theorems.

1

[4] , ,

.

1. a, b > 0 . R2 D
D = {(x, y) | x0 ≤ x ≤ x0 + a, |y − y0| ≤ b}

. f D , L > 0
, (x, y1), (x, y2) ∈ D

|f(x, y1)− f(x, y2)| ≤ L|y1 − y2|
. , [x0, x0+h] R

y{
y′(x) = f(x, y(x))

y′(x0) = y0

. h

h < min

{
a,

b

M
,
1

L

}

.

M = max
(x,y)∈D

|f(x, y)|

.

, ,

. 2 1 . ,
2 α = 1 1 .

2. 0 < α ≤ 1, a, b > 0 . R2

D

D = {(x, y) | x0 ≤ x ≤ x0 + a,∣∣∣∣y − y0
Γ(α)

xα−1

∣∣∣∣ ≤ b

}

. f D , L > 0
, (x, y1), (x, y2) ∈ D

|f(x, y1)− f(x, y2)| ≤ L|y1 − y2|
. , [x0, x0+h] R

y{
Dαy(x) = f(x, y(x))

Dαy(x0) = y0

. h

h < min

{
a,

(
Γ(α+ 1)b

M

) 1
α

,

(
Γ(α+ 1)

L

) 1
α

}
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.

M = max
(x,y)∈D

|f(x, y)|

.

2 Dα α Riemann-Liouville
. , (0,∞) R y

α Riemann-Liouville

Dαy(x) =
1

Γ(n− α)

dn

dtn

∫ x

0

u(s)

(x− t)α−n+1
dt

. n = [α] + 1 [α] α
. , n

n− 1 ≤ α ≤ n . Γ
.∫ x

a
(x− t)p−1(t− a)q−1dt

=
Γ(p)Γ(q)

Γ(p+ q)
(x− a)p+q−1

( , [6, p.70]). p, q > 0
.

2 2 1

2 .

.

y(x) =
y0

Γ(α)
xα−1

+
1

Γ(α)

∫ x

x0

(x− t)α−1f(t, y(t))dt

y .
D D0

D0 = {(x, y) | x0 ≤ x ≤ x0 + h,∣∣∣∣y − y0
Γ(α)

xα−1

∣∣∣∣ ≤ b

}

. {yn}

y1(x) =
y0

Γ(α)
xα−1

n ∈ N

yn+1(x) =
y0

Γ(α)
xα−1

+
1

Γ(α)

∫ x

x0

(x− t)α−1f(t, yn(t))dt

.
n ∈ N (x, yn(x)) ∈ D0 .
, n ∈ N, x ∈ [x0, x0 + h]∣∣∣∣yn(x)− y0

Γ(α)
xα−1

∣∣∣∣
=

∣∣∣∣ 1

Γ(α)

∫ x

x0

(x− t)α−1f(t, yn−1(t))dt

∣∣∣∣
≤ M

Γ(α)

∣∣∣∣
∫ x

x0

(x− t)α−1dt

∣∣∣∣
=

M

αΓ(α)
(x− x0)

α

≤ Mhα

Γ(α+ 1)

≤ b

. (x, yn(x)) ∈ D0 .
n ∈ N, x ∈ [x0, x0 + h]

|yn+1(x)− yn(x)| ≤ MLn−1

Γ(nα+ 1)
(x− x0)

nα

. . n = 1

|y2(x)− y1(x)|

=

∣∣∣∣y2(x)− y0
Γ(α)

xα−1

∣∣∣∣
=

1

Γ(α)

∣∣∣∣
∫ x

x0

(x− t)α−1f(t, y1(t))dt

∣∣∣∣
≤ M

Γ(α)

∣∣∣∣
∫ x

x0

(x− t)α−1dt

∣∣∣∣
=

M

Γ(α+ 1)
(x− x0)

α

. n .

|yn+2(x)− yn+1(x)|

=
1

Γ(α)

∣∣∣∣
∫ x

x0

(x− t)α−1 (f(t, yn+1(t))

−f(t, yn(t))) dt|

≤ L

Γ(α)

∣∣∣∣
∫ x

x0

(x− t)α−1|yn+1(t)− yn(t)|dt
∣∣∣∣

≤ MLn

Γ(α)Γ(nα+ 1)

×
∣∣∣∣
∫ x

x0

(x− t)α−1(t− x0)
nαdt

∣∣∣∣
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=
MLn

Γ(α)Γ(nα+ 1)

× Γ(α)Γ(nα+ 1)

Γ ((n+ 1)α+ 1)
(x− x0)

(n+1)α

=
MLn

Γ ((n+ 1)α+ 1)
(x− x0)

(n+1)α

. n+ 1 .

∞∑
n=1

MLn−1hnα

Γ(nα+ 1)
<∞

. , n ∈ N

an =
MLn−1hnα

Γ(nα+ 1)

an+1

an

=
MLnh(n+1)α

Γ ((n+ 1)α+ 1)
· Γ(nα+ 1)

MLn−1hnα

= Lhα
Γ(nα+ 1)

Γ ((n+ 1)α+ 1)

= Lhα
Γ(nα+ 1)

Γ(nα+ α+ 1)

=
Lhα

(nα)α
· (nα)

α+1Γ(nα)

Γ(nα+ α+ 1)
· Γ(nα+ 1)

(nα)Γ(nα)

. n→∞
an+1

an
→ 0

.

lim
x→∞

Γ(x+ s)

xsΓ(x)
= 1

( , [3, p.341]).
,

∑∞
n=1 an

limn→∞
an+1

an
= 0 ,

( , [5, p.4])
∑∞

n=1 an
.

∑∞
n=1

MLn−1hnα

Γ(nα+1) < ∞
.
M ( , [5, p.19]) ,

{yn} [x0, x0 + h] y .

y(x) =
y0

Γ(α)
xα−1

+
1

Γ(α)

∫ x

x0

(x− t)α−1f(t, y(t))dt

. y .

. ŷ .
, x ∈ [x0, x0 + h], n ∈ N

|y(x)− ŷ(x)| ≤ NLn

Γ(nα+ 1)
(x− x0)

nα

.

N = sup
x∈[x0,x0+h]

|y(x)− ŷ(x)|

. . n = 1

|y(x)− ŷ(x)|

=
1

Γ(α)

∣∣∣∣
∫ x

x0

(x− t)α−1 (f(t, y(t))

−f(t, ŷ(t))) dt|

≤ L

Γ(α)

∣∣∣∣
∫ x

x0

(x− t)α−1|y(t)− ŷ(t)|dt
∣∣∣∣

≤ NL

Γ(α)

∣∣∣∣
∫ x

x0

(x− t)α−1dt

∣∣∣∣
=

NL

Γ(α+ 1)
(x− x0)

α

. n

|y(x)− ŷ(x)|

≤ L

Γ(α)

∣∣∣∣
∫ x

x0

(x− t)α−1|y(t)− ŷ(t)|dt
∣∣∣∣

≤ MLn+1

Γ(α)Γ(nα+ 1)

×
∣∣∣∣
∫ x

x0

(x− t)α−1(t− x0)
nαdt

∣∣∣∣
=

MLn+1

Γ(α)Γ(nα+ 1)

× Γ(α)Γ(nα+ 1)

Γ ((n+ 1)α+ 1)
(x− x0)

(n+1)α

=
MLn+1

Γ ((n+ 1)α+ 1)
(x− x0)

(n+1)α

. n+ 1 .

n → ∞ y = ŷ . ,
. �
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3 2 2

, 2
. C[a, b] [a, b] R

. y ∈ C[a, b]
‖ · ‖
‖y‖ = max

x∈[a,b]
|y(x)|

C[a, b] Banach .
2 .

. C[x0, x0 + h] D0 D0 ={
y |

∣∣∣y − y0
Γ(α)x

α−1
∣∣∣ ≤ b (x ∈ [x0, x0 + h])

}
. D0 T

Ty(x) =
y0

Γ(α)
xα−1

+
1

Γ(α)

∫ x

x0

(x− t)α−1f(t, y(t))dt

.
y ∈ D0 Ty ∈ D0 . ,

y ∈ D0 . [x0, x0 + h] {xn}
xn → x . n ∈ N .

, c1 ∈ (xn, x) (
c1 ∈ (x, xn))

|xα−1
n − xα−1| = (α− 1)cα−2

1 |xn − x|
. , L1

|xα−1
n − xα−1| ≤ L1|xn − x|

. , c2 ∈ (xn− t, x− t) (
c2 ∈ (x− t, xn − t))

|(xn−t)α−1−(x−t)α−1| = (α−1)cα−2
2 |xn−x|

. , L2

|(xn − t)α−1 − (x− t)α−1| ≤ L2|xn − x|
.

|Ty(xn)− Ty(x)|
≤ y0

Γ(α)
|xα−1

n − xα−1|

+
M

Γ(α)

∣∣∣∣
∫ xn

x
|(xn − t)α−1 − (x− t)α−1|dt

∣∣∣∣
≤ y0L1

Γ(α)
|xn − x|+ ML2

Γ(α)
|xn − x|2

xn → x

Ty(xn)→ Ty(x)

. Ty ∈ C[x0, x0+h] .
Ty ∈ D0 . , x ∈ [x0, x0 + h]
.∣∣∣∣(Ty)(x)− y0

Γ(α)
xα−1

∣∣∣∣
=

1

Γ(α)

∣∣∣∣
∫ x

x0

(x− t)α−1f(t, y(t))dt

∣∣∣∣
≤ M

Γ(α)

∣∣∣∣
∫ x

x0

(x− t)α−1dt

∣∣∣∣
=

M

αΓ(α)
(x− x0)

α

≤ Mhα

Γ(α+ 1)

≤ b

Ty ∈ D0 .
T . , y1, y2 ∈

D0, x ∈ [x0, x0 + h] .

|Ty1(x)− Ty2(x)|

=
1

Γ(α)

∣∣∣∣
∫ x

x0

(x− t)α−1 (f(t, y1(t))

−f(t, y2(t))) dt|

≤ L

Γ(α)

∣∣∣∣
∫ x

x0

(x− t)α−1|y1(t)− y2(t)|dt
∣∣∣∣

≤ L

Γ(α)

∣∣∣∣
∫ x

x0

(x− t)α−1dt

∣∣∣∣ ‖y1 − y2‖

=
L

αΓ(α)
(x− x0)

α‖y1 − y2‖

≤ Lhα

Γ(α+ 1)
‖y1 − y2‖

.

‖Ty1 − Ty2‖ ≤ Lhα

Γ(α+ 1)
‖y1 − y2‖

.

Lhα

Γ(α+ 1)
< 1

T .
, T

y . �
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