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Abstract

In this paper, we apply a fixed point theorem in partial ordered set [17] to two boundary
value problems for differential equations. First problem is a boundary value problem for
fourth order differential equations. Second problem is a boundary value problem for α order
differential equations with 3 < α ≤ 4.
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, , [22] 4
, [25] α

.
3 < α ≤ 4 . , [22] [25]
, ,

. ,
. , ,

. , 2 [22]
( 2). , [22]

( 3 1, 2)
. 3 [25] (

9). 9 [25]
.

2 1

, 1
{
y′′′′(t) + f(t, y(t), y′′(t)) = 0,

y(0) = y(1) = y′′(0) = y′′(1) = 0

. f [0, 1] × R × R
R . y0 ∈ C4(I,R)

{
y′′′′0 (t) + f(t, y0(t), y

′′
0(t)) ≤ 0,

y0(0) = y0(1) = y′′0(0) = y′′0(1) = 0

.
1 , .

2. f [0, 1]×R×R R
. µ ∈ (0, 8) ,

y1 ≤ y2, u1 ≥ u2 y1, y2, u1, u2 ∈ R
t ∈ I

0 ≤ f(t, y1, u1)− f(t, y2, u2) ≤ µ(u1 − u2)

.

y′′′0 (0) ≤
∫ 1

0

(∫ t

0
f(s, y0(s), y

′′
0(s))ds

)
dt

y0 . ,

{
y′′′′(t) + f(t, y(t), y′′(t)) = 0,

y(0) = y(1) = y′′(0) = y′′(1) = 0

.

. X = C([0, 1],R) . x, y ∈
X x ≤ y

x(t) ≤ y(t) (t ∈ [0, 1])

. (X,≤) .
X d

d(x, y) = sup
t∈[0,1]

|x(t)− y(y)|

, (X, d) .

{xn} X xn → x
. x(t) = supn∈N xn(t)

xn(t) ≤ x(t) .
xn ≤ x .

X X T

Tu(t) =

∫ 1

0
G(t, s)f(s, y(s), u(s))ds

.

y(t) = −
∫ 1

0
G(t, s)u(s)ds

G(t, s) =

{
(1− t)s, 0 ≤ s ≤ t ≤ 1,

(1− s)t, 0 ≤ t ≤ s ≤ 1

. T .
, u1 ≥ u2 u1, u2 ∈ X

y1(t) = −
∫ 1

0
G(t, s)u1(s)ds

≤ −
∫ 1

0
G(t, s)u2(s)ds

= y2(t)

t ∈ [0, 1] .
G(t, s) ≥ 0 (t, s) ∈ [0, 1] × [0, 1]

.
f(t, y1(t), u1(t)) ≥ f(t, y2(t), u2(t)) .

Tu1(t) ≥ Tu2(t) .

k ∈ [0, 1) , u1, u2 ∈
X u1 ≥ u2

d(Tu1(t), Tu2(t)) ≤ kd(u1(t), u2(t))
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. u1 ≥ u2 .
y1 ≤ y2 .

d(Tu2(t), Tu1(t))

= sup
0≤t≤1

|Tu2(t)− Tu1(t)|

≤ sup
0≤t≤1

∫ 1

0
G(t, s)×

|f(s, y2(s), u2(s))− f(s, y1(s), u1(s))|ds

≤ µ sup
0≤t≤1

∫ 1

0
G(t, s)|u2(s)− u1(s)|ds

≤ µd(u2, u1) sup
0≤t≤1

∫ 1

0
G(t, s)ds

= µd(u2, u1)×

sup
0≤t≤1

(∫ t

0
(1− t)sds+

∫ 1

t
(1− s)tds

)

=
µ

2
d(u2, u1) sup

0≤t≤1
t(1− t)

≤ µ

8
d(u2, u1)

. α = y′′0 . α ≤ Tα
. α′′(s) ≤ −f(s, y0(s), α(s))

s ∈ [0, 1]

α′(t) ≤ α′(0)−
∫ t

0
f(s, y0(s), α(s))ds

.

α(x) ≤ α′(0)x−
∫ x

0

(∫ t

0
f(s, y0(s), α(s))ds

)
dt

. y0

α′(0) ≤
∫ 1

0

(∫ t

0
f(s, y0(s), α(s))ds

)
dt

.

α(x) ≤ x

∫ 1

0

(∫ t

0
f(s, y0(s), α(s))ds

)
dt

−
∫ x

0

(∫ t

0
f(s, y0(s), α(s))ds

)
dt

=

∫ 1

0
G(x, t)f(t, y0(t), α(t))dt

= Tα(x)

x ∈ [0, 1] .
α ≤ Tα . 1
. □

2 y0

y′′′0 (0) ≤
∫ 1

0

(∫ t

0
f(s, y0(s), y

′′
0(s))ds

)
dt

. f
[0, 1]×R× [0,∞) [0,∞)

. , .

3. f [0, 1]×R× [0,∞) [0,∞)
. µ ∈ (0, 8) ,

y1, y2, u1, u2 ∈ R , y1 ≤ y2
u1 ≥ u2 , t ∈ I

0 ≤ f(t, y1, u1)− f(t, y2, u2) ≤ µ(u1 − u2)

. ,

{
y′′′′(t) + f(t, y(t), y′′(t)) = 0,

y(0) = y(1) = y′′(0) = y′′(1) = 0

.

. X = C([0, 1],R) .
(X,≤) 2 , ,

. X X T

Tu(t) =

∫ 1

0
G(t, s)f(s, y(s), u(s))ds

.

y(t) = −
∫ 1

0
G(t, s)u(s)ds

G(t, s) =

{
(1− t)s, 0 ≤ s ≤ t ≤ 1,

(1− s)t, 0 ≤ t ≤ s ≤ 1

. , 2 , T
, k ∈ [0, 1) ,

u1 ≥ u2

d(Tu1(t), Tu2(t)) ≤ kd(u1(t), u2(t))

. f G

T0 =

∫ 1

0
G(t, s)f(s, y(s), 0)ds ≥ 0

. 1 . □
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1. λ > 0 .

{
y′′′′(t) + λ log(y′′ + 2) = 0,

y(0) = y(1) = y′′(0) = y′′(1) = 0

. 3 f(t, y, u) =
λ log(u + 2) y1 ≤ y2 u1 ≥
u2 ≥ 0, t ∈ [0, 1]

f(t, y1, u1)− f(t, y2, u2)

= λ(log(u1 + 2)− log(u2 + 2))

= λ log

(
u1 + 2

u2 + 2

)

= λ log

(
1 +

u1 − u2
u2 + 2

)

≤ λ log (1 + u1 − u2)

≤ λ(u1 − u2)

. , 3
.

2. λ > 0 .

{
y′′′′(t) + λ

2 (log(y
′′ + 2) + y′′) = 0,

y(0) = y(1) = y′′(0) = y′′(1) = 0

. 3 f(t, y, u) =
λ
2 (log(u+ 2) + u) y1 ≤ y2
u1 ≥ u2 ≥ 0, t ∈ [0, 1]

f(t, y1, u1)− f(t, y2, u2)

=
λ

2
(log(u1 + 2)− log(u2 + 2) + u1 − u2)

=
λ

2

(
log

(
u1 + 2

u2 + 2

)
+ u1 − u2

)

=
λ

2

(
log

(
1 +

u1 − u2
u2 + 2

)
+ u1 − u2

)

≤ λ

2
(log (1 + u1 − u2) + u1 − u2)

≤ λ

2
(u1 − u2 + u1 − u2)

= λ(u1 − u2)

. , 3
.

3 2

1 < α ≤ 2, 1 < β ≤ 2, 2 < α+ β ≤ 4
.

{
Dβ(Dαu(t)) + f(t, u(t)) = 0,

u(0) = u(1) = (Dαu)(0) = (Dαu)(1) = 0

. Dα α Riemann-
Liouville . f [0, 1] × R R

.

u (0,∞) R . u
α Riemann-Liouville

Dαu(t) =
1

Γ(n− α)

dn

dtn

∫ t

0

u(s)

(t− s)α−n+1
ds

. n = [α] + 1 [α] α
. , n

n− 1 ≤ α < n . Γ
. , u α Riemman-

Liouville

Iαu(t) =
1

Γ(α)

∫ t

0
(t− s)α−1u(s)ds

.

4 5

∫ x

a
(x − t)p−1(t − a)q−1dt

=
Γ(p)Γ(q)

Γ(p + q)
(x − a)p+q−1

. , . t− a = s
dt = ds t a → x

s 0 → x − a .

∫ x

a
(x− t)p−1(t− a)q−1dt

=

∫ x−a

0
(x− a− s)p−1sq−1ds

. s
x−a = u 1

x−ads = du
s 0 → x − a
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u 0 → 1 .

∫ x

a
(x− t)p−1(t− a)q−1dt

=

∫ x−a

0
(x− a− s)p−1sq−1ds

=

∫ 1

0
(x− a− (x− a)u)p−1×

(x− a)q−1uq−1(x− a)du

= (x− a)p+q−1

∫ 1

0
(1− u)p−1uq−1du

= (x− a)p+q−1B(p, q)

= (x− a)p+q−1Γ(p)Γ(q)

Γ(p+ q)

.

α > 0, β > 0

Iαtβ =
Γ(β + 1)

Γ(α + β + 1)
tα+β

.

Iαtβ =
1

Γ(α)

∫ t

0
(t− s)α−1sβds

=
1

Γ(α)
· Γ(α)Γ(β + 1)

Γ(α+ β + 1)
tα+β

=
Γ(β + 1)

Γ(α+ β + 1)
tα+β

.

Dαtβ =
Γ(β + 1)

Γ(β + 1 − α)
tβ−α

. n

Dntβ =
Γ(β + 1)

Γ(β + 1− n)
tβ−n

Dαtβ

=
1

Γ(n− α)

dn

dtn

∫ t

0
(t− s)n−α−1sβds

=
1

Γ(n− α)

dn

dtn
Γ(n− α)Γ(β + 1)

Γ(n− α+ β + 1)
tn−α+β

=
Γ(β + 1)

Γ(n− α+ β + 1)

dn

dtn
tn−α+β

=
Γ(β + 1)

Γ(n− α+ β + 1)

Γ(n− α+ β + 1)

Γ(β + 1− α)
tβ−α

=
Γ(β + 1)

Γ(β + 1− α)
tβ−α

.

4. α > 0 . u(t) = tα−n (n =
1, 2, . . . , [α]+1) , Dαu = 0 .

Dαu(t) = 0 , C1, C2, . . . , Cn ∈
R

u(t) = C1t
α−1 + C2t

α−2 + · · ·+ Cnt
α−n

. n = [α] + 1 .

. u(t) = tα−n (n = 1, 2, . . . , [α] + 1)
, Dαu = 0 .

Dαu(t) =
1

Γ(n− α)

dn

dtn

∫ t

0
(t− s)n−α−1sα−nds

=
1

Γ(n− α)

dn

dtn
Γ(n− α)Γ(α− n+ 1)

Γ(1)

= 0

.

. Dαu(t) = 0 .

1

Γ(n− α)

dn

dtn

∫ t

0
(t− s)n−α−1u(s)ds = 0

dn

dtn

∫ t

0
(t− s)n−α−1u(s)ds = 0

.

dn−1

dtn−1

∫ t

0
(t− s)n−α−1u(s)ds = C1
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.

dn−2

dtn−2

∫ t

0
(t− s)n−α−1u(s)ds = C1t+ C2

.

dn−3

dtn−3

∫ t

0
(t−s)n−α−1u(s)ds = C1t

2+C2t+C3

. C1
2 C1 .

, , .

∫ t

0
(t− s)n−α−1u(s)ds

= C1t
n−1 + C2t

n−2 + · · ·+ Cn

. Iα

( )

= Iα
∫ t

0
(t− s)n−α−1u(s)ds

=
1

Γ(α)

∫ t

0
(t− s)n−α−1×

(∫ s

0
(s− τ)n−α−1u(τ)dτ

)
ds

=
1

Γ(α)

∫ t

0
u(τ)×

(∫ t

τ
(t− s)α−1(s− τ)n−α−1ds

)
dτ

=
1

Γ(α)

Γ(α)Γ(n− α)

Γ(n)
(t− τ)n−1

=
Γ(n− α)

Γ(n)

∫ t

0
(t− τ)n−1u(τ)dτ

= Γ(n− α)Inu(t)

. 3

.

( )

= Iα(C1t
n−1 + C2t

n−2 + · · ·+ Cn)

= C1t
α+n−1 + C2t

α+n−2 + · · ·+ Cnt
α

.

Γ(n− α)Inu(t)

= C1t
α+n−1 + C2t

α+n−2 + · · ·+ Cnt
α

,

Inu(t) = C1t
α+n−1 + C2t

α+n−2 + · · ·+ Cnt
α

. Dn

DnInu(t) = u(t)

Dn(C1t
α+n−1 + C2t

α+n−2 + · · ·+ Cnt
α)

= C1t
α−1 + C2t

α−2 + · · ·+ Cnt
α−n

u(t) = C1t
α−1 + C2t

α−2 + · · ·+ Cnt
α−n

. □

, [21, Theorem2.4] .
, .

5. α > 0, u ∈ L(a, b) .

DαIαu = u

.

. n = [α] + 1 . Dα, Iα

DαIαu

=
1

Γ(α)Γ(n− α)

dn

dxn
×

∫ x

0

1

(x− t)α−n+1

(∫ x

s
(t− s)α−1u(s)ds

)
dt

=
1

Γ(α)Γ(n− α)

dn

dxn
×

∫ x

0

(∫ x

s
(x− t)n−α−1(t− s)α−1u(s)dt

)
ds

=
1

Γ(α)Γ(n− α)

dn

dxn
×

∫ x

0
u(s)

(∫ x

s
(x− t)n−α−1(t− s)α−1dt

)
ds

.
∫ x

s
(x− t)n−α−1(t− s)α−1dt

=
Γ(α)Γ(n− α)

Γ(n)
(x− s)n−1
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DαIαu

=
1

Γ(n)

dn

dxn

∫ x

0
(x− s)n−1u(s)ds

.

∫ x

0

(∫ x

0
· · ·

(∫ x

0
u(t)dt

)
· · · dt

)
dt

=
1

(n− 1)!

∫ x

0
(x− t)n−1u(t)dt

. .

DαIαu = u

. □

[4] . ,
. [11] .

6. α > 0 . u (0, 1)
, u ∈ C(0, 1)∩

L(0, 1) . Dαu ∈ C(0, 1)∩L(0, 1)
. n = [α] + 1 .

, C1, C2, . . . , Cn ∈ R

IαDαu(t)

= u(t) + C1t
α−1 + C2t

α−2 + · · ·+ Cnt
α−n

.

. 4

Dα(IαDαu− u) = DαIαDαu−Dαu

= Dαu−Dαu

= 0

. , 5 ,
C1, C2, . . . , Cn ∈ R

IαDαu(t)− u(t)

= C1t
α−1 + C2t

α−2 + · · ·+ Cnt
α−n

. . □

[4, Lemma 2.3] .
, .

7. h ∈ C[0, 1] 1 < α ≤ 2
. ,

{
Dαu(t) + h(t) = 0,

u(0) = u(1) = 0

u(t) =

∫ 1

0
Gα(t, s)h(s)ds

.

Gα(t, s) =


1

Γ(α)

(
tα−1(1− s)α−1 − (t− s)α−1

)

(0 ≤ s ≤ t ≤ 1),
1

Γ(α)

(
tα−1(1− s)α−1

)
(0 ≤ t ≤ s ≤ 1)

.

. Dαu(t) = −h(t)

IαDαu(t) = −Iαh(t)

. 6 , C1, C2 ∈ R

u(t) + C1t
α−1 + C2t

α−2

= − 1

Γ(α)

∫ t

0
(t− s)α−1h(s)ds

.

u(t) = − 1

Γ(α)

∫ t

0
(t− s)α−1h(s)ds

− C1t
α−1 − C2t

α−2

. u(0) = 0 C2 = 0 .
u(1) = 0

C1 = − 1

Γ(α)

∫ 1

0
(1− s)α−1h(s)ds

.

u(t) = − 1

Γ(α)

∫ t

0
(t− s)α−1h(s)ds

+
1

Γ(α)

∫ 1

0
(1− s)α−1tα−1h(s)ds

=

∫ 1

0
Gα(t, s)h(s)ds

. □
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7 Gα . [18,
Lemma 2.8] .

8. 7 Gα

Gα(t, s) ≥ 0 Gα(t, s) ≤ 1
Γ(α)

t, s ∈ [0, 1] .

. 0 ≤ s ≤ t ≤ 1

Gα(t, s)

=
1

Γ(α)

(
tα−1(1− s)α−1 − (t− s)α−1

)

≥ 1

Γ(α)

(
tα−1(1− s)α−1 − (t− ts)α−1

)

= 0

. 0 ≤ t ≤ s ≤ 1

Gα(t, s) ≥ 0

. 0 ≤ s ≤ t ≤ 1

∂Gα(t, s)

∂t

=
1

Γ(α)

(
(α− 1)tα−2(1− s)α−1

−(α− 1)(t− s)α−2
)

≤ 1

Γ(α)

(
(α− 1)tα−2(1− s)α−1

−(α− 1)(t− ts)α−2
)

=
1

Γ(α)
(α− 1)tα−2

(
(1− s)α−1 − (1− s)α−2

)

≤ 0

Gα(t, s) s ≤ t ≤ 1
.

Gα(t, s) ≤ Gα(s, s)

=
1

Γ(α)
sα−1(1− s)α−1

≤ 1

Γ(α)

. 0 ≤ t ≤ s ≤ 1

Gα(t, s)

∂t
=

1

Γ(α)
(α− 1)tα−2(1− s)α−1 ≥ 0

Gα(t, s) 0 ≤ t ≤ s
.

Gα(t, s) ≤ Gα(s, s)

=
1

Γ(α)
sα−1(1− s)α−1

≤ 1

Γ(α)

. □

[18] 1 .

9. f [0, 1] × [0,∞) [0,∞)
2

. 1 < α ≤ 2, 1 < β ≤ 2, 2 < α + β ≤ 4
. λ ∈ [0,Γ(α)Γ(β)) ,
u, v ∈ [0,∞) u ≥ v ,

0 ≤ f(t, u)− f(t, v) ≤ λ(u− v)

t ∈ [0, 1] .
,

{
Dβ(Dαu(t)) + f(t, u(t)) = 0,

u(0) = u(1) = (Dαu)(0) = (Dαu)(1) = 0

.

.
{
Dβ(Dαu(t)) + f(t, u(t)) = 0,

u(0) = u(1) = (Dαu)(0) = (Dαu)(1) = 0

u(t)

=

∫ 1

0
Gα(t, s)

(∫ 1

0
Gβ(s, r)f(r, u(r))dr

)
ds

. y(t) = Dαu(t) .

{
Dβ(Dαu(t)) + f(t, u(t)) = 0,

(Dαu)(0) = (Dαu)(1) = 0

{
Dβy(t) + f(t, u(t)) = 0,

y(0) = y(1) = 0

. 7 ,

y(t) = −
∫ 1

0
Gβ(t, s)f(s, u(s))ds
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.

Dαu(t) +

∫ 1

0
Gβ(t, s)f(s, u(s))ds = 0

. , 7 ,



Dαu(t) +

∫ 1

0
Gβ(t, s)f(s, u(s))ds = 0,

u(0) = u(1) = 0

u(t)

=

∫ 1

0
Gα(t, s)

(∫ 1

0
Gβ(s, r)f(r, u(r))dr

)
ds

.

X = {u ∈ C[0, 1] | u(t) ≥ 0} .
u, v ∈ X u ≤ v

u(t) ≤ v(t) (t ∈ [0, 1])

. (X,≤) .
(X, d)

d(u, v) = sup
0≤t≤1

|u(t)− v(t)|

d . X
X T

(Tu)(t)

=

∫ 1

0
Gα(t, s)

(∫ 1

0
Gβ(s, r)f(r, u(r))dr

)
ds

. T X
. u ≥ v, t ∈ [0, 1] .

8

(Tu)(t)

=

∫ 1

0
Gα(t, s)

(∫ 1

0
Gβ(s, r)f(r, u(r))dr

)
ds

≥
∫ 1

0
Gα(t, s)

(∫ 1

0
Gβ(s, r)f(r, v(r))dr

)
ds

= (Tv)(t)

t ∈ [0, 1] . T
. u ≥ v . 8

d(Tu, Tv)

= sup
0≤t≤1

|Tu(t)− Tv(t)|

= sup
0≤t≤1

∫ 1

0
Gα(t, s)×

(∫ 1

0
Gβ(s, r)(f(r, u(r))− f(r, v(r)))dr

)
ds

≤ sup
0≤t≤1

∫ 1

0
Gα(t, s)×

(∫ 1

0
Gβ(s, r)λ(u(r)− v(r))dr

)
ds

≤ λd(u, v) sup
0≤t≤1

∫ 1

0
Gα(t, s)×

(∫ 1

0
Gβ(s, r)dr

)
ds

≤ λd(u, v)
1

Γ(β)
sup

0≤t≤1

∫ 1

0
Gβ(t, s)ds

≤ λ

Γ(α)Γ(β)
d(u, v)

.

d(Tu, Tv) ≤ λ

Γ(α)Γ(β)
d(u, v)

. λ
Γ(α)Γ(β) < 1 .

T0 ≥ 0 . , 1
. □

4

1
, Kannan

. [24] .
The eighth interna-

tional conference on Nonlinear Analysis and
Convex Analysis (NACA2013) ,

. Kannan
mappings in partially ordered sets with met-
ric .

2014 ( , 2014
3 15 18 ) ,

. Fixed point the-
orem for set-valued Kannan mappings with a
vector-valued distance .

.
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ICM2014
The Fourth Asian Confer-

ence on Nonlinear Analysis and Optimization
(NAOAsia2014) ( , National
Taiwan Normal University, 2014 8 5

9 ) ,
. Application of a fixed point

theorem in partial ordered sets to boundary
value problems for 3.5 order differential equa-
tions . 1 ,

2 u(0) = u′(0) =
u′′(1) = u′′′(1) = 0

.

u(0) = u′(0) = u′′(1) =
u′′′(1) = 0 , u(0) = u(1) =
u′(0) = u′(1) = 0 ,

. u(0) =
u′(0) = u′′(0) = u′′(1) = 0 ,
[3] [14] .

2014 (
, 2014 9 25 9 28 )

.

. Weissinger
.

, . 1
, [9] [24] . [9]

, .

10. (X,≤) . d
(X, d) . X

{xn} ,
{xnk

} , k
xnk

≤ x . T X X
. [0,∞) [0,∞)
ψ , t > 0

∞∑
n=1

ψn(t) < ∞

, x, y ∈ X
, x ≥ y

d(Tx, Ty) ≤ ψ(M(x, y))

.

M(x, y)

= max

{
d(x, y),

1

2
(d(x, Tx) + d(y, Ty)),

1

2
(d(x, Ty) + d(y, Tx))

}

. , x0 ∈ X x0 ≤
Tx0 . T
. x, y ∈ X , z ∈ X

, x ≤ z y ≤ z ,
.

, ψ(t) = kt (0 < k < 1)

ψ(M(x, y))

= max

{
kd(x, y),

k

2
(d(x, Tx) + d(y, Ty)),

k

2
(d(x, Ty) + d(y, Tx))

}

, t > 0 , 0 < k < 1

∞∑
n=1

ψn(t) =

∞∑
n=1

knt < ∞

. [9] [24] ,
,

.

2 , [24] . [12]
, .

11. X . T X

, α ∈
[
0,

1

2

)

, x, y ∈ X
φ(α)d(x, Tx) ≤ d(x, y)

d(Tx, Ty) ≤ αd(x, Tx) + αd(y, Ty)

.

φ(α) =

{
1 (0 ≤ α <

√
2− 1)

1− α (
√
2− 1 ≤ α < 1

2)

. , T
.
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,
.

, [24] .
3 , 2

(IV) u′′(0) = u′′(1) = u′′′(0) =
u′′′(1) = 0, (V) u(0) = u′(0) = 0, u′′(1) =
0, u′′′(1) = Cu(1) ( C ), (VI)
u′′(0) = C1u

′(0), u′′′(0) = C2u(0), u′′(1) =
C3u

′(1), u′′′(1) = C4u(1) (C1, C2, C3, C4

) . , (I)
u(0) = u(1) = u′(0) = u′(1) = 0, (II)
u(0) = u′(0) = u′′(1) = u′′′(1) = 0
(III) u(0) = u(1) = u′′(0) = u′′(1) = 0

. [6] 21 [20], [13]
.

4 ,
. [5]

, u′′ = f(t, u)
. ,

, ( )
2

([10]).
u(0) = 0, u′(0) = λ (λ > 0)

. Au(t) =
λt+

∫ t
0 (t− s)f(s, u(s))ds

, . [15]
.
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