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Abstract

In this paper, we show a fixed point theorem in the space of all bounded continuous
mappings. Moreover we consider the existence of a unique solution for fractional differential
equations with multiple delays. Using the existence theorem, we discuss a fractional chaos
neuron model.
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. F BC(I,R) . ϕ
J \ I E . u ∈ F
uϕ

uϕ =

{
u (I ),
ϕ (J \ I )

.

1. I = [a, b] , J I ⊂ J
. F BC(I,R)

. J \ I R ϕ
, u ∈ F uϕ ∈ BC(J,R)

. A F
, 2

I × I [0,∞) G ,
η1, η2 ∈ C(I, J) , (H1), (H2)

.
(H1) u, v ∈ F , t ∈ I

|Au(t)−Av(t)|

≤
∫ t

a
G(t, s) (|uϕ(η1(s))− vϕ(η1(s))|

+|uϕ(η2(s))− vϕ(η2(s))|) ds

.

(H2) α ∈
[
0,

1

2

)
,

t ∈ I

∫ t

a
G(t, s)y(s)ds ≤ αy(t)

y ∈ BC(J, (0,∞))
, t ∈ I

y(η1(t)) ≤ y(t), y(η2(t)) ≤ y(t)

.
A .

. (H2) y ∈ BC(J, (0,∞))
, m,M > 0 ,

t ∈ J m ≤ y(t) ≤ M .
BC(I,R) ∥·∥y

∥u∥y = sup
t∈I

{
1

y(t)
|u(t)|

}

.

1

M
∥u∥ ≤ ∥u∥y ≤ 1

m
∥u∥

, ∥·∥y ∥·∥ .
F d

d(u, v) = sup
t∈J

{
1

y(t)
|uϕ(t)− vϕ(t)|

}

. d(u, v) = ∥u − v∥y ∥ · ∥y
∥ · ∥

, (F, d) . (H1) ,
u, v ∈ F , t ∈ I

1

y(t)
|Au(t)−Av(t)|

≤ β

y(t)
|u(t)− v(t)|

+
1

y(t)

∫ t

a
G(t, s) (|uϕ(η1(s))− vϕ(η1(s))|

+|uϕ(η2(s))− vϕ(η2(s))|) ds

≤ 1

y(t)

∫ t

a
G(t, s) (d(u, v)y(η1(s))

+d(u, v)y(η2(s))) ds

≤ 1

y(t)

∫ t

a
G(t, s) (d(u, v)y(s)

+d(u, v)y(s)) ds

=
2d(u, v)

y(t)

∫ t

a
G(t, s)y(s)ds

≤ 2d(u, v)

y(t)
αy(t)

= 2αd(u, v)

.

d(Au,Av) ≤ 2αd(u, v)

. , A .
, A

. □

3

α . u α Ca-
puto ( Caputo-Riesz ) cDα

cDαu(t)

=
1

Γ(n− α)

∫ t

0

1
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· dn
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. Γ Gamma .
α > 0

Γ(α) =

∫ ∞

0
tα−1e−tdt

. , n = [α] + 1 , [α] α
. , n

n− 1 ≤ α < n .
, [2, 4] .

2. α ∈ (0, 1], τ ∈ C([0, T ], [0,∞)),
ϕ ∈ C((−∞, 0],R) . f ∈ C([0, T ] ×
R×R,R) , (Hf ) .
(Hf ) L0, L1 ∈ [0,∞) ,
t ∈ [0, T ], x0, x1, y0, y1 ∈ R

|f(t, x0, x1)− f(t, y0, y1)|
≤ L0|x0 − y0|+ L1|x1 − y1|

.
,




cDαu(t) = f(t, u(t), u(t− τ(t)))
(t ∈ [0, T ]),

u(t) = ϕ(t) (t ∈ [−τ0, 0]),

. −τ0 =
min{t− τ(t) | t ∈ I} .

. I = [0, T ], J = [−τ0, T ] .
J \ I = [−τ0, 0] . F = {u|I | u ∈

C(J,R), u(t) = ϕ(t) (t ∈ J \ I)} .
, u ∈ F uϕ ∈ BC(J,R)

.

u(t) = ϕ(0)

+
1

Γ(α)

∫ t

0
(t− s)α−1f(s, u(s), uϕ(s− τ(s))ds

u ∈ C(I,R)
. F A

Au(t) = ϕ(0)

+
1

Γ(α)

∫ t

0
(t− s)α−1f(s, u(s), uϕ(s− τ(s))ds

. , u ∈ F
Au ∈ F . , Au(t) I

, , Au(0) = ϕ(0)

J \ I = [−τ0, 0] ϕ t = 0
.

|Au(t)−Av(t)|

≤ 1

Γ(α)

∫ t

0
(t− s)α−1 (L0|uϕ(s)− vϕ(s)|

+L1|uϕ(s− τ(s))− vϕ(s− τ(s))|) ds

≤ L

Γ(α)

∫ t

0
(t− s)α−1 (|uϕ(s)− vϕ(s)|

+|uϕ(s− τ(s))− vϕ(s− τ(s))|) ds

. L = max{L0, L1} .
G

G(t, s) =




L

Γ(α)
(t− s)α−1 (0 ≤ s < t),

0 (t ≤ s)

. η1(s) = s, η2(s) = s − τ(s)
, 1 (H1) . , α

0 < 2α0 < 1 α0 , c
cα ≥ L

α0
. y(t) = ect

.

∫ t

0
G(t, s)y(s)ds =

L

Γ(α)

∫ t

0
(t− s)α−1ecsds

=
Lect

cαΓ(α)

∫ ct

0
sα−1e−sds

≤ L

cα
ect

≤ α0y(t)

, (H2) . 2

t − s =
1

c
z .

ds = −1

c
dz s 0 → t z

ct → 0

L

Γ(α)

∫ t

0
(t− s)α−1ecsds

=
L

Γ(α)

∫ 0

ct

(
1

c
z

)α−1

ect−z

(
−1

c

)
dz

=
Lect

cαΓ(α)

∫ ct

0
zα−1e−zdz

. 1 A

. □
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2 ,
[9] .

α ∈ (0, 1], β, τ ∈ [0,∞), T0 ∈ (0,∞)
ϕ ∈ C((−∞, 0],R) .





cDαu(t) = −βu(t) + sin
πu(t− τ)

2T0
(t ∈ [0, T ]),

u(t) = ϕ(t) (t ∈ (−τ0, 0]),

. −τ0 = min{t− τ(t) | t ∈ I}
. f(t, x0, x1) = −βx0+sin πx1

2T0

|f(t, x0, x1)− f(t, y0, y1)|

≤ |β||x0 − y0|+
����sin

πx1
2T0

− sin
πy1
2T0

����
≤ |β||x0 − y0|+

π

2T0
|x1 − y1|,

, f (Hf ) L0 = |β|
L1 =

π
2T0

. , 2
.

4

1 ,
[8] [3] . ,

, 1 .
I .

. E Banach . BC(I, E)
, u

∥u∥ = sup
t∈I

∥u(t)∥E

I Ba-
nach . J I ⊂ J

. F BC(I, E) . ϕ
J \ I E u ∈ F uϕ

uϕ =

{
u (I ),
ϕ (J \ I )

.
.

3. I . J0, J I ⊂ J0 ⊂ J
. E Banach

. F BC(I, E) .
J \ I E ϕ ,

u ∈ F uϕ ∈ BC(J,E)
. A F

. β ∈ [0, 1) , I × J0
[0,∞) 2

G , I J0
γ, δ γ ≤ δ ,
η1, η2, . . . , ηn ∈ C(J0, J) , (H1),

(H2) .
(H1) u, v ∈ F , t ∈ I

∥Au(t)−Av(t)∥E ≤ β∥u(t)− v(t)∥E

+

∫ δ(t)

γ(t)
G(t, s)

n∑
i=1

∥uϕ(ηi(s))− vϕ(ηi(s))∥Eds

.
(H2) β + nKα ∈ [0, 1) α ∈
[0,∞), K ∈ [0,∞) , ,

t ∈ I

∫ δ(t)

γ(t)
G(t, s)y(s)ds ≤ αy(t)

y ∈ BC(J, (0,∞)) ,
t ∈ J0

y(ηi(t)) ≤ Ky(t) (i = 1, 2, . . . , n)

.
, A .

. (H2) y ∈ BC(J, (0,∞))
, m,M ∈ (0,∞) ,

t ∈ J m ≤ y(t) ≤ M .
BC(I, E) ∥·∥y

∥u∥y = sup
t∈I

{
1

y(t)
∥u(t)∥E

}

.

1

M
∥u∥ ≤ ∥u∥y ≤ 1

m
∥u∥

, ∥·∥y ∥·∥ . F
d

d(u, v) = sup
t∈J

{
1

y(t)
∥uϕ(t)− vϕ(t)∥E

}

. d(u, v) = ∥u− v∥y
∥ · ∥y ∥ · ∥

, (F, d) .
(H1) , u, v ∈ F , t ∈ I

1

y(t)
∥Au(t)−Av(t)∥E
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≤ β

y(t)
∥u(t)− v(t)∥E

+
1

y(t)

∫ δ(t)

γ(t)
G(t, s)×

n∑
i=1

∥uϕ(ηi(s))− vϕ(ηi(s))∥Eds

≤ βd(u, v) +
1

y(t)

∫ δ(t)

γ(t)
G(t, s)×

n∑
i=1

d(u, v)y(ηi(s))ds

≤ βd(u, v) +
d(u, v)

y(t)

∫ δ(t)

γ(t)
G(t, s)

n∑
i=1

Ky(s)ds

= βd(u, v) +
nKd(u, v)

y(t)

∫ δ(t)

γ(t)
G(t, s)y(s)ds

≤ (β + nKα)d(u, v)

u, v ∈ F , t ∈ I .

d(Au,Av) ≤ (β + nKα)d(u, v)

. , A
. □

3 , [8] .

4 (Lou ). I = [0, T ] .
E Banach . F I E

Banach C(I, E)
. A F

. α, β ∈ [0, 1), K ∈ [0,∞)
, u, v ∈ F , t ∈ (0, T ]

∥Au(t)−Av(t)∥E

≤ β∥u(t)− v(t)∥E +
K

tα

∫ t

0
∥u(s)− v(s)∥Eds

. , A
.

. J0 = J = [0, T ] . ,
α, β ∈ [0, 1), K ∈ [0,∞) ,

u, v ∈ F , t ∈ (0, T ]

∥Au(t)−Av(t)∥E

≤ β∥u(t)− v(t)∥E +
K

tα

∫ t

0
∥u(s)− v(s)∥Eds

. l’Hopital , u, v ∈
F

∥Au(0)−Av(0)∥E
≤ β∥u(0)− v(0)∥E+

lim
t→+0

K

tα

∫ t

0
∥u(s)− v(s)∥Eds

= β∥u(0)− v(0)∥E+

lim
t→+0

K

αtα−1
∥u(t)− v(t)∥E

= β∥u(0)− v(0)∥E
. G

G(t, s) =

{
K

tα
(0 < t ≤ T ),

0 (t = 0)

. γ(t) = 0, δ(t) = t, n = 1
η1(t) = t . , u, v ∈ F ,
t ∈ I

∥Au(t)−Av(t)∥E

≤




β∥u(t)− v(t)∥E

+
K

tα

∫ t

0
∥u(s)− v(s)∥Eds

(0 < t ≤ T ),
β∥u(0)− v(0)∥E (t = 0)

= β∥u(t)− v(t)∥E

+

∫ δ(t)

γ(t)
G(t, s)

n∑
i=1

∥u(ηi(s))− v(ηi(s))∥Eds

. (H1) . τ ∈ (0,∞)
Kτ1−α < 1− β . α0 =

Kτ1−α (H2) α K0 = 1
(H2) K .

y(t) =

{
1 (0 ≤ t ≤ τ),

e
t
τ
−1 (τ ≤ t ≤ T )

. 0 ≤ t ≤ τ
∫ δ(t)

γ(t)
G(t, s)y(s)ds

=

∫ t

0

K

tα
ds

=
K

tα

∫ t

0
ds

= Kt1−α

≤ α0y(t)
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. τ ≤ t ≤ T

∫ δ(t)

γ(t)
G(t, s)y(s)ds

=

∫ τ

0

K

tα
ds+

∫ t

τ

K

tα
e

s
τ
−1ds

=
K

tα
τ +

K

tα
τ
(
e

t
τ − 1

)

=
Kτ

tα
e

t
τ
−1

≤ Kτ1−αe
t
τ
−1

= α0y(t)

. , (H2) .
, 3 A
. □

3 , [3] .

5 (de Pascale-de Pascale ).
I = [1,∞) . E Banach
. F BC(I, E) .

A F .
α ∈ (1,∞), β ∈ [0, 1) K ∈ [0,∞)

, u, v ∈ F , t ∈ I

∥Au(t)−Av(t)∥E

≤ β∥u(t)− v(t)∥E +
K

tα

∫ t

1
∥u(s)− v(s)∥Eds

. , A
.

. I = J0 = J = [1,∞) . ,
α ∈ (1,∞), β ∈ [0, 1) K ∈ [0,∞)

, u, v ∈ F , t ∈ I

∥Au(t)−Av(t)∥E

≤ β∥u(t)− v(t)∥E +
K

tα

∫ t

1
∥u(s)− v(s)∥Eds

. G

G(t, s) =
K

tα

. γ(t) = 1, δ(t) = t, n = 1
η1(t) = t . , u, v ∈ F ,

t ∈ I

K

tα

∫ t

1
∥u(s)− v(s)∥Eds

=

∫ δ(t)

γ(t)
G(t, s)

n∑
i=1

∥u(ηi(s))− v(ηi(s))∥Eds

∥Au(t)−Av(t)∥E

≤ β∥u(t)− v(t)∥E +
K

tα

∫ t

1
∥u(s)− v(s)∥Eds

= β∥u(t)− v(t)∥E +

∫ δ(t)

γ(t)
G(t, s)×

n∑
i=1

∥u(ηi(s))− v(ηi(s))∥Eds

. , (H1) .
c ∈ (0,∞) τ ∈ (1,∞)

K(c−1 + τ1−α) < 1− β

. (H2) α

α0 = K(c−1 + τ1−α)

, (H2) K

K0 = 1

.

y(t) =

{
ect (1 ≤ t ≤ τ),
ecτ (τ ≤ t)

. 1 ≤ t ≤ τ

∫ δ(t)

γ(t)
G(t, s)y(s)ds

=

∫ t

1

K

tα
ecsds

=
K

ctα
(ect − ec)

≤ Kc−1ect

≤ Kc−1ect +Kτ1−αect

= K(c−1 + τ1−α)ect

= α0y(t)
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. 1 ≤ τ ≤ t
∫ δ(t)

γ(t)
G(t, s)y(s)ds

=

∫ τ

1

K

tα
ecsds+

∫ t

τ

K

tα
ecτds

=
K

ctα
(ecτ − ec) +

Kecτ

tα
(t− τ)

≤ K

ctα
ecτ +

Kecτ

tα
t

=
K

ctα
ecτ +Kecτ t1−α

≤ K

c
ecτ +Kecττ1−α

= K(c−1 + τ1−α)ecτ

= α0y(t)

. , (H2) .
, 3 A
. □

3 , 2
.

6. α ∈ (0, 1] . ϕ ∈ C((−∞, 0], E)
. τ0, τ1, τ2, . . . , τm ∈ C([0, T ], [0,∞))
. E Banach . f ∈

C([0, T ] × Em+1, E) , t ∈ [0, T ],
x0, x1, x2, . . . , xm, y0, y1, y2, . . . , ym ∈ E

, (Hf ) .
(Hf ) L0, L1, L2, . . . , Lm ∈ [0,∞)

∥f(t, x0, x1, . . . , xm)− f(t, y0, y1, . . . , ym)∥E

≤
m∑
i=0

Li∥xi − yi∥E

.
,




cDαu(t)
= f(t, u(t), u(t− τ1(t)), . . . , u(t− τm(t)))

(t ∈ [0, T ]),
u(t) = ϕ(t) (t ∈ [−τ0, 0])

.

−τ0 = min{t− τi(t) | t ∈ I, i = 1, . . . ,m}

.

. I = J0 = [0, T ], J = [−τ0, T ]
F = {u|I | u ∈ C(J,E), u(t) = ϕ(t) (t ∈
J \ I)} . , u ∈ F

uϕ ∈ BC(J,E) .

u(t) = ϕ(0) +
1

Γ(α)

∫ t

0
(t− s)α−1×

f(s, u(s), uϕ(s− τ1(s)), . . . , uϕ(s− τm(s)))ds

u ∈ C(I, E)
. F A

Au(t) = ϕ(0) +
1

Γ(α)

∫ t

0
(t− s)α−1×

f(s, u(s), uϕ(s− τ1(s)), . . . , uϕ(s− τm(s)))ds

. , u ∈ F
Au ∈ F .

∥Au(t)−Av(t)∥E

≤ 1

Γ(α)

∫ t

0
(t− s)α−1×

m∑
i=0

Li∥uϕ(s− τi(s))− vϕ(s− τi(s))∥E

≤ L

Γ(α)

∫ t

0
(t− s)α−1×

m∑
i=0

∥uϕ(ηi(s))− vϕ(ηi(s))∥Eds

. τ0(t) = 0, L =
max{L0, L1, . . . , Lm} ηi(t) = t −
τi(t) (i = 0, . . . ,m) . β = 0

G(t, s) =




L

Γ(α)
(t− s)α−1 (0 ≤ s < t),

0 (t ≤ s)

γ(t) = 0, δ(t) = t n = m + 1 .
, (H1) . (H2)

α 0 < (m+ 1)α0 < 1 α0 ,
(H2) c cα ≥ L

α0
.
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K = 1 y(t) = ect .
∫ δ(t)

γ(t)
G(t, s)y(s)ds

=
L

Γ(α)

∫ t

0
(t− s)α−1ecsds

=
Lect

cαΓ(α)

∫ ct

0
sα−1e−sds

≤ L

cα
ect

≤ α0y(t)

. , (H2) . 3
, A . □

5

,
. [6, 7]

. .
.
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